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Abstract

In the error analysis of finite element methods, the shape regularity assumption on
triangulations is typically imposed to obtain a prior: error estimations. In practical
computations, however, very “thin” or “degenerated” elements that violate the shape
regularity assumption may appear when we use adaptive mesh refinement. In this
survey, we attempt to establish an error analysis approach without the shape regularity
assumption on triangulations.

We have presented several papers on the error analysis of finite element methods
on non-shape regular triangulations. The main points in these papers are that, in the
error estimates of finite element methods, the circumradius of the triangles is one of the
most important factors.

The purpose of this survey is to provide a simple and plain explanation of the
results to researchers and, in particular, graduate students who are interested in the
subject. Therefore, this survey is not intended to be a research paper. We hope that,
in the near future, it will be merged into a textbook on the mathematical theory of the
finite element methods.
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§1. Introduction: Lagrange interpolation on triangles

Lagrange interpolation on triangles and the associated error estimates are im-
portant subjects in numerical analysis. In particular, they are crucial in the error
analysis of finite element methods. Throughout this survey, K C R? denotes a tri-
angle with vertices x;, ¢« = 1,2,3. In this survey, we always assume that triangles
are closed sets. Let \; be the barycentric coordinates of K with respect to x;. By
definition, 0 < \; < 1, Z?Zl Ai = 1. Let Ny be the set of nonnegative integers, and
v = (a1, az,a3) € N3 be a multi-index. Let k be a positive integer. If |y| := Zf;l a; =k,
then v/k := (a1/k,az/k,as/k) can be regarded as a barycentric coordinate in K. The
set ¥ (K) of points on K is defined as !

(1) SF(K) = {%eKW:k, veNg}.

Figure 1. Set ¥*(K), k=1,k=2, k= 3.

Let Pr(K) be a set of polynomials defined on K whose degree is at most k. For a
continuous function v € C°(K), the kth-order Lagrange interpolation Zkv € Py (K) is
defined as

v(x) = (Thv)(x), vx € ©F(K).

To enable the error analysis of Lagrange interpolation, we typically introduce the
following condition [8, 6, 10]. Let hx := diamK and px be the diameter of its inscribed
circle. Suppose that X is a set of (possibly infinitely many) triangles.

Assumption 1 (Shape regularity).  The set X is called shape regular if there
exists a constant o > 0 such that

h
K<y VKeX.
PK

The maximum of the ratio hx /pr in X is called its chunkiness parameter [6]. The
shape regularity condition is sometimes also called the inscribed ball condition. For
more information on the conditions equivalent to shape regularity, see [9].

Let K be a reference element. The triangle with vertices (0,0)7, (1,0)7, and
(0,1)7 is typically taken as the reference triangle K. Let p(x) = Ax + b be an affine
transformation that maps Kto K , where A is a 2 x 2 regular matrix and b € R?.

IThe set X*(K) is sometimes called a stencil.
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ERROR ANALYSIS WITHOUT THE SHAPE-REGULARITY ASSUMPTION

Error analysis is first performed on the reference element K. Then, the “pull back”
with v o ¢ is used to transfer the result obtained on K to the “physical element” K.

Let ||A]| denote the matrix norm of A associated with the Euclidean norm of R?,
and let 1 < p < oo. The function v € Wk+L.P(K) is pulled back by ¢ as © := v o ¢.
Let k and m be integers such that £ > 1 and 0 < m < k. The following theorem is
standard.

Theorem 2 ([8], Theorem 3.1.4).  Let ¢ > 0 be a constant. If hx/px < o,

then there exists a constant C' = C’(l?,p,k,m) independent of K such that, for
v e WhLP(K),

v = T 0lmp,x < CILAIFTHAT™ v]ks1,p,5
k+1
(2) < CE|ulpg1p,x < (Co™R " 0lks1p.k-

m
K

To derive the second inequality in (2), we use the following lemma.

Lemma 3 ([8], Theorem 3.1.3).  We have ||A|| < thg, A7 < hppg'

Let K be an arbitrary triangle, and hx > a > [ > 0 be the lengths of its three
edges. Note that h /2 < a < h. Using translation, rotation, and mirror imaging, K is
transformed into a triangle with vertices x; = (0,0)", xo = («,0) ", and x3 = (8s, 5t) T,
where s = cos#, t =sinf, and 0 < # < 7 is the inner angle of K at x;. This triangle is
called the standard position of K. By the law of cosines,

2_h2
h3 =ao® + 3% —2aBcosf and COSQZE—FQ K

—<£<
2« 28 T 2a T

DO |

Hence, 7/3 <6 < .

X3

X1 (0% X9

Figure 2. General triangle K in the standard position. The vertices are x; = (0,0)7,

xXo = (,0) ", and x3 = (Bs,5t) T, where s2 +t2 =1, t > 0. We assume that 0 < 3 <
a< hK.
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These assumptions imply that the affine transformation ¢ can be written as ¢(x) =
Ax with the matrix

(3) A= (g‘ g;) .

We set t = sinf = 1, for example (i.e., K is a right triangle). Then, s = 0, |[|A]| = «,
|A=1]| = 1/8, and the inequalities in (16) can be rearranged as

k+1 a

k @ " -
(4) v = Zgvlmpx <C Gm [vlk+1p.6 <C (E) hie " 0l 1,p, -
Thus, we might consider that the ratio o/ should not be too large, or K should not
be too “flat.” This consideration is expressed as the minimum angle condition (Zlamal

28], Zenisek [27]), which is equivalent to the shape regularity condition for triangles.

Theorem 4 (Minimum angle condition).  Let 6y, (0 < 8y < 7/3) be a constant.
If any angle 0 of K satisfies 0 > 6y and hx < 1, then there exists a constant
C = C(0y) independent of hx such that

|’U—I}(’U|1,27K SChK|’U|2,27K, VU€H2(K).

However, the minimum angle condition and shape regularity are not necessarily
needed to obtain an error estimate. The following condition is well known (Babuska—

Aziz [4]).

Theorem 5 (Maximum angle condition).  Let 61, (7/3 < 61 < 7) be a con-
stant. If any angle 0 of K satisfies 6 < 61 and hxg < 1, then there exists a
constant C = C(61) that is independent of hx such that

(5) |U—II1<U’1’2’K SChK|’U’272’K, VUGHQ(K).

Kiizek [19] introduced the semiregularity condition, which is equivalent to the max-
imum angle condition (see Remark below). Let Rk be the circumradius of K.

Theorem 6 (Semiregularity condition). Let p > 1 and o > 0 be a constant.
If Rk/hkg < o and hx < 1, then there exists a constant C = C(o) that is
independent of hi such that

|v —I}<v|1,p,K < Chg|v|2.p,x, You € W2’p(K).

We mention a few more known results. Jamet [13] presented the following results.

Theorem 7. Letl <p<oo. Letm >0, k > 1 be integers such that k+1—m >
2/p(1<p<o0)ork—m>1(p=1). Then, the following estimate holds:

k+1—m
hK

K . Wu e WHHLP(K),
cos™ OK/2|U|k—|—LP,K v ( )

v — I§(U|m,p,K <C

where Ok 1s the maximum angle of K, and C depends only on k and p.
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Remark: (1) In Theorem 7, the restriction on p comes from the Sobolev imbedding
theorem. Note that in [13, Théoreme 3.1] the case p = 1 is not mentioned explicitly
but clearly holds for triangles (see Section 2.5). For the case of the maximum angle
condition, we set k = m = 1 and find that Jamet’s result (Theorem 7) does not imply
the estimation (5) because the case p = 2 is excluded.
(2) Let an arbitrary triangle K be in its standard position (Figure 2). Then 6 is the
maximum internal angle of K, and

RK 1 m
(6) T 2smo’ 3 <l<m
by the law of sines. Thus, the dimensionless quantity Ry /hx represents the maximum
internal angle of K, and the boundedness of Ry /hy, which is the semiregularity of K,
is equivalent to the maximum angle condition # < 6; < 7 with a fixed constant 6;. [J

For further results of the error estimations on “skinny elements”, see the monograph
by Apel [2].

Recently, Kobayashi, one of the authors, obtained the following epoch-making result
[14]. Let A, B, and C be the lengths of the three edges of K and S be the area of K.

Theorem 8 (Kobayashi’s formula).  We define the constant C(K) as

2R2( 2 2 2 2 2
C(K)::\/ABC A4 B24+C _5_(L+L+L).

1652 30 5 \A2  B? (C?
Then the following holds:

[0 = Txoh ok <OK) vk, Vo€ HYK).

Recall that Ry is the circumradius of K and is written as 2

ABC

Then, we immediately realize that C'(K) < Rgx and obtain a corollary of Kobayashi’s
formula.

Corollary 9.  For any triangle K C R2, the following estimate holds:

(8) v — Tiv|12.x < Ri|v|2.2.x, Yo € H*(K).

This corollary demonstrates that even if the minimum angle is very small or the
maximum angle is very close to 7, the error [v—Z}v|; x converges to 0 if Rk converges

2This formula is proved using the law of sines.
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to 0. We consider the isosceles triangle K shown in Figure 3 (left). Using (7), we realize
that Rx = h®/2 + h?>7%/8 = O(h?>™®) (o > 1, h < 1). Thus, if @ < 2, Rxg — 0 as
h — 0.

As another example, let a, § € R satisfy 1 < a < 8 < 1+ a. We consider the
triangle K whose vertices are (0,0)", (h,0)", and (h®, h®)T (Figure 3 (right)). With
(7), it is straightforward to see

PO X s e (U Dt
K= OR1+B
hlta 1/2 1/2
— o7F (1 + h2,6—2a) (1 + h2a—2 . 2ha—1 4+ h2,8—2) — O(hjl—’_a_ﬁ),
p1+8 hPe
PK — < px <h”.

- h+ (h2e +h2,@)1/2 +((he — h)? + hzfs)l/?’ 3

Hence, if h — 0, the convergence rates that (2) and (8) yield are O(h?~#) and O(h1To=F),
respectively. Therefore, (8) obtains a better convergence rate than (2). Moreover, if
B > 2, (2) does not yield convergence whereas (8) does. Note that, when h — 0, the
maximum angles of K approach to 7w in both cases.

| (he, h%)T
e T

h h

Figure 3. Examples of triangles that violate the maximum angle condition but satisfy
Rx —0as h — 0.

Although Kobayashi’s formula is remarkable, its proof is long and needs validated
numerical computation. We began this research to provide a “paper-and-pencil” proof
of (8), and recently reported an error estimation in terms of the circumradius of a
triangle [15, 17, 18].

Theorem 10 (Circumradius estimates).  Let K be an arbitrary triangle. Then,
for the kth-order Lagrange interpolation I}“( on K, the estimation

Ry m B _
[0 = Ticvlmpsc < € (E) WA 0l k1 p, i = CRERS 20l s1 p i

holds for any v € WrT1P(K), where the constant C = C(k,m,p) is independent
of the geometry of K.

We recall that a general triangle K may be written using the settings in Figure 2.
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The essence of the proof of Theorem 10 is that the matrix A in (3) is decomposed as

~ ~ 1s a0
A= ADQB, A= (O t) 5 Daﬁ = (0 6) .

With this decomposition, the estimate (2) is rearranged as
[0 = Tk vlm.p,ic < CIAIMH AT 1 Dag M HIDZ 1™ 0]k 1,10

As indicated by us [18] and Babuska-Aziz [4], the linear transformation by D,z does
not reduce the approximation property of Lagrange interpolation, and only A could
make it “bad.” This means that the term

(max{a, B})**
(min{e, B})™

Furthermore, || A|| and || A~!|| (the maximum singular values of A and A1) are bounded

IDagl™HIDZ5 1™ = B

may be replaced with C

using the circumradius Rx and hx as

Rg\"™ Rk 1
" hx  2sin@’

JAPA " < 0 (35

hk

where 6 is the maximum internal angle of K (see Figure 2 and (6)). We emphasize
that the constants C; (i = 1,2) only depend on k, m, and p. Note that, by setting
t=1and 8 = a? in (2) (and (4)), we realize that, regardless of how much we try to
analyze || A|[*+1||A~||™, we cannot prove Theorem 10. In the sequel of this survey, we

will explain the proof of Theorem 10 in detail.

§ 2. Preliminaries
§2.1. Notation

Let n > 1 be a positive integer and R"™ be n-dimensional Euclidean space. We
denote the Euclidean norm of x € R™ by |x|. Let R™ := {{ : R® — R : [ is linear} be
the dual space of R". We always regard x € R" as a column vector and a € R™ as a
row vector. For a matrix A and x € R”, AT and x' denote their transpositions. For
matrices A = (ai;)i j=1,.. n» and B = (b;;); j=1,-.. n, their Kronecker product A ® B is

an n? x n? matrix defined as

allB tet alnB
A® B := :
anlB tee annB

For matrices A;,7 =1, --- , k, the Kronecker product 4; ®- - -® Ay, is defined recursively.
For a differentiable function f with n variables, its gradient Vf = gradf € R™* is

the row vector defined as

= (x1, ).

Vf=Vxf:= (ﬁ ﬁ), X

ox1 ' Oxy,
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Let Ny be the set of nonnegative integers. For § = (01, ...,0,) € (Ng)™, the multi-
index 9° of partial differentiation (in the sense of distribution) is defined by

-, 0] == 61 + -+ Iy

For two multi-indices n = (91, ,1n), 0 = (01, ,0n), 1 < 6 means that 7, < J;
(¢ =1,---,n). Additionally, 6 - n and 0! are defined as § - n := 1101 + -+ - + 7,0, and
ol:=461!---9,!, respectively.

Let Q C R™ be a (bounded) domain. The usual Lebesgue space is denoted by
LP(2) for 1 < p < oco. For a positive integer k, the Sobolev space W*P(Q) is defined
by WhP(Q) == {ve LP(Q)|0° € LP(), |§| < k}. For 1 < p < oo, the norm and
semi-norm of W¥?(() are defined as

s 1/p
kp,Q = (Z 0 v|§,p,9> ;o vl

1/p
k.02 iz( > |v|fn,p,sz) 7

|v
8| =k 0<m<k
and ol 0= e esssup 0700 . Dol i= s, 1o}

§2.2. Preliminaries from matrix analysis

We introduce some facts from the theory of matrix analysis. For their proofs, refer
to textbooks on matrix analysis such as [12] and [26].

Let n > 2 be an integer and A be an n x n regular matrix. Note that AT A is
symmetric positive-definite and has n positive eigenvalues 0 < p3 < --- < p,. The
square roots of y; are called the singular values of A. Let i, := pu1 and ppr = p, be
the minimum and maximum eigenvalues. Then,

pon X < JAX[? < g X7, gy %P < AT X < pptix?, vx e R™
For A, the matrix norm || A|| with respect to the Euclidean norm is defined by

Ax
1A = sup 12X
xER™ |X|

From these definitions, we realize that ||A|| = u}\f and [|[A~| = pm' /2.

For the Kronecker product of matrices, we have the following lemma whose proof
is straightforward (see the textbooks mentioned above).

Lemma 11. Let A, B, C, and D be n x n matrices. Then, the following
equations hold:

(A® B)(C® D)= (AC®BD), (A®B)"=AT®B".

Furthermore, if A and B have eigenvalues \; and p;, i,j =1,--- ,n, respectively,
then A\;jp; are eigenvalues of A ® B.

- 16 -
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Exercise: Prove Lemma 11.

From Lemma 11, we realize that the minimum and maximum eigenvalues of (AT A)®
(ATA) = (A2 A)T(A® A) are 0 < p2, < 1i2,. Hence, for any w € R"" |

pm| W < J(A® Awl* < pilwl?, ppflwl? < [(A7T @ AThw|? < 2 wl.

The above facts can be extended straightforwardly to the case of the higher-order
Kronecker product A® ... ® A. For A®..® A, A7' ®...® A~! (the kth Kronecker
products), and we have, for w € R”k,

p| WP < JA® @ Aw* < pf|wl?,
parwl < (A7 e @ ATHw] < g lwl.

These inequalities imply that
|A® ... Al = ||A]", A @ ... A7 = || A7 ".

§2.3. Useful inequalities

For N positive real numbers Uy, ..., Uy, the following inequalities hold:

al AN 1-p/2, 1<p<2
§ /‘ P 7(p) E : 2 - —DP/4, >~P >
k=1 k=1
N p/2 N
0 1<p<?2
E 2 < N () E p N =P=<4

Exercise: Prove the inequalities (9) and (10).

§2.4. The affine transformation defined by a regular matrix

Let A be an n x n matrix with detA > 0. We consider the affine transformation
@(x) defined by y = ¢(x) := Ax +b for x = (1, -+ ,2,)", ¥y = (Y1, ,Yn) with
b € R". Suppose that a reference region Q C R" is transformed to a domain Q by ¢;
Q := (). Then, a function v(y) defined on € is pulled-back to the function ©(x) on
Q as 9(x) 1= v(p(x)) = v(y). Then, we have Vyi = (Vyv)A, Vyv = (Vx0)A™!, and
(Vyu]? = |(Vxd) A2 = (Vx0) ATATT (Vxd) 7.

The Kronecker product V ® V of the gradient V is defined by

2 2 2 2
VoV = (5Ven V) = (57 7 a7 )-

Oz, ox 0z3’ 01101y Oxy_10xy, 02

We regard V ® V to be a row vector. From this definition, it follows that

LD (aiz;jf = (Ve V)

15]=2 i,j=1
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and (Vx @ Vx)0 = ((Vy @ Vy)v) (A® A), (Vy @ Vy)v = (Vx @ Vx)0) (A7 @ A1),
Thus, we have ||A||72|Vx0|? < |Vyv|? < [JA7]?|Vx9|? and

Z <8yv)2 =[(Vy ® Vy)v|2

|§|=2

(Vx @ V3)0) (AP0 A NA T @A™ (Ve ® Vy)d)
(Vx ® Vx)9) (ATA T @ AP A1) (Vi @ Vy)0) |,
JAI72 > 7 (@50)2 < > (Bv)> < [JATHIP ) (9%0)°.

|5]=2 |5]=2 15]=2

The above inequalities can be easily extended to higher-order derivatives, and we obtain
the following inequalities: for k > 1,

[T D (@R0)° < Y (0g0)> < [JATHPE Y (0%9),

|5|=k 6| =k 6| =k

(11) [det A2 A o], 5.6 < ik < [det AIYZATH*[0],, , 6.

Using the inequalities (9) and (10), we can extend (11) for the case of arbitrary p,
1<p<oo:

p/2
= [ Y 5Py < [ ST pgl | ay
5=k @\ |o|=k
p/2
<aoat [ S joeeR |y
Q _
151=F
p/2
:nkT(p)|detA]||A_1||kp/A S @il dx
15]=F
< nFTEEE) et AJ| A |FP [ S 1080() [Pdx
Q
15]=F

= nFT®+(P)|det, A|||A_1||kp]ﬁ\§ o

and

p/2
= [ Y Ry =0 [ (S gl | ay
Q5= €\ 5=k
p/2

> kY0 dot A|l|A]| / S et | dy
Q
16]=k
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p/2
:n_k'y(p)|detA|||A||_kp/A > 10%e(x)? dx
Q
|6|=k

> n=kTE+®) | get A|||A||—kp/A > [9(x)|Pdx

Q5=

— R @®)) | et A| ’|A|’_kp|@‘z o

where we use the fact that |v|; 2 o contains n* terms. Therefore, we obtain the following
lemma:

Lemma 12.  In the above setting of the linear transformation, we have
(12~ P det AIVP(AI7* [0l 6 < [0lkpo < ™ Pdet AVPIATH D], 5.

where

7(p) +(») {1/p— 1/2, 1<p<?

MP) = T S W2 - s, 22 p <00

Proof: We only need to prove the case of p = co, and it is done just by letting p — oo
in (12). O

Let us apply (12) to the case A € O(n), where O(n) is the set of orthogonal
matrices. That is, ATA = AAT = I,,. In this case, |detA| = ||A|| = [|[A7!|| = 1. Thus,
we have

(13) nFP 5] 5 <[olk2a < PP 5.

Those inequalities mean that, if p = 2, the Sobolev norms |v|j 2o are not affected by

rotations. If p # 2, however, they are affected by rotations up to the constants n~=*#()
and nFr(P)

§2.5. The Sobolev imbedding theorem

If 1 < p < 00, Sobolev’s imbedding theorem and Morrey’s inequality imply that

W2P(K) c CHY2P(K), p>2,
H*(K) c WhH(K) c CO'2/9(K), Vg > 2,
W2P(K) c Wha/C=p) (i) c ¢*2P~D/(K), 1< p<2.

For proofs of the Sobolev imbedding theorems, see [1] and [7]. For the case p = 1,

we still have the continuous imbedding W21(K) c CY(K). For proof of the critical
imbedding, see [1, Theorem 4.12] and [6, Lemma 4.3.4].
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§2.6. Gagliardo—Nirenberg’s inequality

Theorem 13 (Gagliardo—Nirenberg’s inequality).  Let 1 < p < co. Let k, m be
integers such that k > 2 Then, for a :=m/k, 0 < a < 1, the following inequality
holds:

[Vl ppn < Clolg e V]f pans Yo € WHP(R™),

where the constant C' depends only on k, m, p, and n.

For the proof and the general cases of Galliardo—Nirenberg’s inequality, see [7] and
the references therein.

§2.7. A standard error analysis of Lagrange interpolation

In this subsection, we explain a standard error analysis of Lagrange interpolation.
First, we prepare a theorem from Ciarlet[8]. Let 2 C R™ be a bounded domain with
the Lipschitz boundary 0f2. Let k be a positive integer and p be a real with 1 < p < co.
We consider the quotient space W*T1P(Q) /P, (Q). As usual, we introduce the following
norm to the space:

lollesr1p = inf o+ qliripe Vo€ WEDP(Q)/Py(Q),
g€PK ()
b= {we WHLP(Q) | w —v € Pe()}.

We also define the seminorm of the space by |0|k+1.p.0 := |v]k+1,p.0. Take an arbitrary
q € Pr(2). If 1 < p < oo, we have

v+ alZi1p0=hpatlv+dly, o> VE0 0

and if p = oo, we have

Thus the following inequality follows:
o410 < 0llks1p0n V0 € WHLP(Q)/Py(Q).

The next theorem claims the seminorm is actually a norm of W*12(Q)/Pp(Q).

Theorem 14 (Ciarlet[8], Theorem 3.1.1).  There exists a positive constant
C(2) depending only on k, p € [1,00], and 2, such that the following estima-
tions hold:

[ollksrp.0 < C@Q0lks1p0, V0 € WELP(Q)/Pr(Q),

(14)  inf v +qllrs1p.0 < CEOQ)|V]kt1p.0 Yo € WEHLP(Q).
qEPL(Q)

Proof: Let N be the dimension of Py (£2) as a vector space, and {¢; }Y_, be its basis and
{ i}, be the dual basis of {g;}. That is, f; € L(Px(Q),R) and they satisfy fi(q;) = dij,
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i,j=1,---,N (d;; are Kronecker’s deltas). By Hahn-Banach’s theorem, f; is extended
to f; € L(IWFHLP(Q),R). For q € Pi(£), we have

g=0<= fi(q)=0, 1<i<N.

Now, we claim that there exists a constant C'(§2) such that

N
(15) [0][k+1,p.0 < C(E) (!v\k+1,p,9 + Ifi(v)|> , Yue WELP(Q).
=1

Suppose that (15) holds. For given v € W**T1P(Q), let ¢ € Px(Q2) be defined with the
extended f; € L(WFTLP(Q),R) by

N
Q:Z)qu', Ai i =—fi(v), i=1,--- N.
i=1

Then, we have f;(v+¢q) =0,i=1,--- ,N. Therefore, The inequality (14) follows from
(15).

We now show the inequality (15) by contradiction. Assume that (15) does not hold.
Then, there exists a sequence {v;}22, C W*+LP(Q) such that

N
villk41,p,0 = 1, VI, Jim <|’Ul|k+1,p,9 +> |f¢(vz)|> = 0.

=1

By the compactness of the inclusion W*+1:P(Q) ¢ W*P(Q), there exists a subsequence
{v;,.} and v € WHP(Q) such that

lim ||’Ulm — 'U||k7p,Q = 0, hm |Ulm|]€_|_17p,Q =0.
Iy —00 — 00

m

Here, {v;,, } is a Cauchy sequence in W*? (). We show that it is also a Cauchy sequence
in Wk+LP(Q) as well. If, for example, 1 < p < oo, we have

. . p p 1/p
tim e, — o kg = m (o, = o, 08,0+ 1o, — o 0)

lim )l —00 lim U —00
< li D 2p—1 D p /P
<, dm Ve = V1 1 po + 28 (00 ey p0 + 100 1 p.0)
=0.

The case for p = oo is similarly shown. Hence, v belong s to W*T12(Q), and {v; }
satisfies
lim o, — vllksipe = 0.

m

This v € WFHLP(Q) satisfies

lrx—0
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and thus v € P (£2). Therefore, because

N N
D fiw) = z 111_{1002 | fi(vr,,)] =0,
i=1 " i=1

we conclude v = 0. However, this contradicts to ||v||x+1p.0 = l lim (v, lk+1,p.0 = 1.
m—>00
U

We are now ready to prove the first inequality in Theorem 2. Recall that K is the

~

reference triangle and K is mapped as K = ¢(K) with ¢(x) = Ax + b.

Theorem 15.  Suppose that |A=Y|| > 1. Then, there exists a constant
C = C(K,p,k,m) independent of K such that

(16) v = Zgvllmp.xc < CIHANIT AT [olis1p 5, Vo € WEHP(K).

Proof: Note that, for arbitrary ¢ € Wk“’p(f() and p € Pk(f()), we have

b =IO = (I —TE0)(0+p),
where I : Wk“’p(f( ) — Wmp (IA( ) is the identity mapping, which is obviously continu-
ous. Therefore, it follows from (14) that

b —TIhd

N R inf O+ p ~
Hﬁ(W’HLp(KLWW(K)) semigy | Pl

k
I?SHI_II?

m?p’

< Cl |@|k+1,p,ff’

where the constant C; depends on IA(, m, k, p, (and I;i()

~

Note that the mapping between W™P(K) and W™P(K) (n = m or n = k + 1)
defined by the pull-back © = v o ¢ is an isomorphism. By (12), we have

m 1/p
fo—Tho,, . = (Z!v—zﬁvwip,K)
=0

m 1/p
p
< (an“(p)|detA|||A_1||lp f;—If?@l f{) ,
l:O 7p7

< nmu(p)‘ det A\l/p||A_1|]m

N k ~
) If{v

m7p7

0l 1 s < RO det AITPIAP ol

because of the assumption ||[A™!|| > 1. Combining these inequalities, the proof is
completed with C := n(k+1+mu)Cy O
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Combining these propositions with Lemma 3, we see that, for arbitrary v € Wk+1L.P(K),

k+1 m
_ hx hz
[ = T80y < CIAIF A ™ oles 1y < C (—) (—K) Vot

PR PK
B k41
K g
<C k+r1 m V|k+1,p,K-
Pr

If there exists a constant o such that hy /px < o, then p;(l < ahl}l, and we obtain the
following standard error estimation.

Theorem 16. Let K C R? be a triangle with hx < 1. Suppose that
hik/prk < o, where o is a positive constant. Then, there exists a constant

C = C([A(,p, k,m, o) independent of K such that

(17) lv = T vllmpx < CRET " ulhsrpc, Yo € WHEP(K).

§ 3. Babuska—Aziz’s technique

In the previous section, we have proved the standard error estimation (16), (17).
To improve them, we introduce the technique given by Babuska—Aziz [4].

Let K be the reference triangle with the vertices (0,0)7, (1,0)T, and (0,1). For
I?, the sets E; C Wl’p(f{), i=1,2, p € [1,00] are defined by

1
Ez(,l’o)’l = {v e WHP(K) ‘ / v(s,0)ds = 0} ,
0
1
51(30’1)’1 = {v c WhP(K) ‘ / v(0, s)ds = 0} .
0

The constant A, is then defined by

vy Vg, »
A, = sup ||0’p’K— sup Vo

= ; 1 <p<oo.
vGE;l,O),l |U|1,p,[? UGE(pO,l),l |,U|1,p,1?

The second equation in the above definition follows from the symmetry of K. The
constant A, (and its reciprocal 1/A,) is called the BabuSka—Aziz constant for p €
[1,00]. According to Liu-Kikuchi [22], A is the maximum positive solution of the
equation 1/z + tan(1/x) = 0, and Ay ~ 0.49291.

In the following, we show that A, < co (Babuska—Aziz [4, Lemma 2.1] and Kobayashi-
Tsuchiya [15, Lemma 1}).

Lemma 17.  We have A, < oo, p € [1,00].
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Proof: The proof is by contradiction. Assume that A, = oco. Then, there exists a

sequence {uy 52, C 51(71,0),1 such that

’uk|0,pf( =1 klggo ’uk|17pf< = 0.

From the inequality (14), for an arbitrary e > 0, there exists a sequence {g,} C Po(K)
such that
€

. . g
inf_ flux +dlly g < llun+ally g < I Jue+ally 7+ < Cluly 2+ ¢

q€Po(K) qEPo(K)

Since the sequence {uz} C WP(K) is bounded, {g,} C Po(K) = R is also bounded.
Therefore, there exists a subsequence {qy, } such that g, converges to ¢ € Po(K). Thus,
in particular, we have

Jim g, +al, =0

Let I be the edge of K connecting (1,0)T and (0,0)T and v : WP(K) — Wi=1/pp(T)
be the trace operator. The continuity of v and the inclusion W'=/P»(T") ¢ LY(T) yield

0= lim [ y(ug, +q)ds = / qds,
r

ki—>OO T

because ux, € Z:. Thus, we find that § = 0 and limg, o ||uk, = 0. This

b
contradicts limy, o ||u,

1,p,K

ij(‘- > hmki_mo ]ukl O,p,[? =1.0

We define the bijective linear transformation F,s : R* — R? by
(«*,y")" = (ax,By)",  (z,9)" €R®, @,8>0.

The map F,3 is called the squeezing transformation.

Now, we consider the “squeezed” triangle K,z := F,g(K). Take an arbitrary
v € W2P(K,p), and pull-back v to u := vo F,5 € W»P(K). For, p, 1 < p < oo, we
have

P P
(18) Wlop s _ [l 5.2
7
|U|§J,p,Ka,6 $|um|g,p,f( - %|uy|g,p,k

(19) |U|g,p,Ko¢B _ IU/|§ap7R

|U|g,p,Kaﬁ ﬁ|umx|g7pj€ + —ap25p |u50y|g7pj€ + 5%p|uyy|g’p’g,

1 P 1 p

o) 08 psas _ arltelo, kT Ul g |

|U|g,p7Kaﬂ %|ul‘x|g,p,f€ + a”Lﬁ“"uw‘g,p,f{ T %’uyy‘g,pﬁ

In the following we explain how these equations are derived.
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Note that, for (z,y)T € K and (z*,y*)T = (az, By)T € K3, we have
Uy = QUg~, Uy = Uy,

and

1
<P = LPdxt = — PIc* —
0.0, Kap /Kaﬁ v+ [Pdx or /KQB |uz|Pdx

Here, dx := dzdy, dx* := dz*dy*, and used the fact det(DF,3) = af, where DF,z is
the Jacobian matrix of Fi,z. Similarly, we obtain

- ap_]- |u$ |0,p,f€

’Uy* g,p,Ka 519 1’ y‘OpK’ ‘v|gaP’Kaﬁ - aﬁ‘ulg,pf(

Therefore, these equations yield (18):
V[0, aflulf - [uf?

0,p,K af apaK

0lf p.xc

= i .
1,p,Kap oaP— 1‘ ’”’0 K+5£1\uylg’p,f{ J|uw|g’p’f< ﬁ| y|§,p,f<

Similarly, the equations

B
|’U$*$*|g,p,KQB = a2p— 1| $w|0 K’
1
D o p
|V g+ P Kas  p—18p-1 |uxy|0,pf<’
«

|Uy y* |0,p, Kop 32p— 1| yy|0pK

are obtained and yield (19) and (20) as

P p
| | 0,p,Kap aﬁ|u|0,p,f<
. =
| | 2,0,Kap %|umx|gmvf{ + Ocp+ﬁpfl|ul"y|10) ~ + /821) T |Uyy|0p B
P
_ Ju ‘ 0,p,K
9
ﬁ|um|g’pﬁ + ap_ﬁp|uscy|p gt 5_£p|“yy|p e
| |p,p7 aB %|ux|p + ﬁp Bp—1 |uy|0p K
5 =
v |7p, Kap W| a:x|0pK+52p 1| yy|0pK+apl—5p1| wy|0pK

0, K Bf’| y‘OpK

1 P P P
2P |umm|07p’f< + apgp |“:cy|07p’g + 52p | yy|0’p7f<
Next, let p = co. Then, we have

yBap = |u|0,00j€7 |U|1500»K045 = maX{|ux|17OO,f?/a’ |uy|1700j5//8} )

b

Kap = maX{!um!Q,ooﬁ/Oé27 [tayly o, 2/ (@B),

‘ /l) 7
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and obtain
|U ) yNDap |u|0,00,f€
- )
|U 00, K0 max{é|um|0,ooﬁ, %|uy|0,oo,f(}
‘/U’O,OO,KQB _ ’u|0,00,I?
- )
Vlzoekas mas { ey oo 05 5 e lo o 20 B2 U0l e 2 |
1 1
(21) V1,00, K0 maX{E|“w|o,oo,f<7B|“y|o,oo,f<}

V2,00, Ko max{% L‘uyy|0,oof<}

|um|o,oof<7 al_g|uwy

For a triangle K and 1 < p < co, we define 7' (K) C W*?(K) by
THEK) == {ve W*(K) | v(x;) =0, i =1,2,3}.

Note that if v € 7' (Kap), then u:=vo F,p € 7;1(1/(\')
The following lemma is from Babuska—Aziz [4, Lemma 2.2] and Kobayashi-Tsuchiya
[15, Lemma 3].

Lemma 18.  The constant B! (Kag) is defined by

|’U 1apaKOtﬁ
T 1 <p<oo.
Qaszaﬁ

B} (Kap):=  sup
P 1)67;1(1((15) |U

Then, we have B)' (Kqp) < max{a, B}A,.

Proof: Suppose first that 1 < p < oco. Take an arbitrary v € 7;1 (Kqp) and define
ue THE) by u(z,y) == v(@*,y*), (2*,y")" = (az, By)". By (20), we find

| ,p Kog %leg’pf( W’uy‘p R
[0]5 2,p,K B a2p| m:c|0p 7T #M“wﬂgm,f{ + ap5p| wy|0p T 52p| yy|0p 7
max{a?, 37} (Llual? o+ lult )
- J (| m‘ e + ‘Uwy‘g A) + g_p (‘Uﬂcy‘g’pﬁ + ‘uyy‘gyp7g>
p

et ) o T
P P :
J|ux’1,p,f? + B_Ij‘ yyl,p,f(
Here, we used the fact that, for X, Y > 0,
1 < max{aP, fP}
wX+5HY T X+Y
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Note that u(0,0) = u(1,0) = 0 by the definition of 7 (K) and u, € =M. Thus, by
Lemma 17, we realize that
[uals , z < Aplusl ) &
By the same reason, we realize that u, € :§,° 1L and
|“y‘p,p,K < A} ‘uy 1,p,K
Inserting those inequalities into the above estimation, we obtain
AP
V17 1 s o [t pr sl g b
p’—’a < max{a?, B} T 7 — = (max{a, 8})" A7,
‘ | 2,p,Kap a:D| 37| ﬁ| y|1,p,i€

and conclude

B} (K.5) = sup [ohp.an < max{a, f}4,.

p
venl(Kaﬁ) |v|27p7 04[3

Next, let p = co. By (21), we immediately obtain

1 1
Kap maX{a|uw|O,oo,K’ ,Bluy|0,oo,K}
lazly o % |Uayly o0 ® [uzyly oo ® |Uuvlo oo, &
Kap  max {max{ W g [ max T T

max{«, f} max {éluﬂo o, %|“y‘0,oof(}

o],

0],

IN

max {% max {|um|0,oo,f<’ |“wy|0,oo,f<} ; [13 max {|“wy|o 00, K7 |uyy|0 00, K7 }}
max { ualy oo o Bl oo i }

max {é’fumv‘l,oo,f(\'7 %‘uyll,oo,l?}

= max{a, 5}

Ao max {%|ux|170071?7 %|uy|1oof(}

max {$|U:r\1,oo,fa %|uy|1,oo,f<}

< max{a, f} = max{a, } A

The following lemma is from Babuska—Aziz [4, Lemma 2.3,2.4] and Kobayashi-
Tsuchiya [15, Lemma 4,5].

Lemma 19.  The constants Bg’l(Kag), gp are defined by

v R .
Bg’l(Kag) ‘= sup —’ 0.5 A, = BY(K):= sup —| O.p. K

) , 1 <p<op.
U€7;1(Ka,8) ’U|27P7Koc,8 067})1(}?) |v

|2,pf(

Then, we have the estimation B)' (Kap) < max{a?, BQ}A/p < +00.
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Proof:  The proof of Zp < 400 is very similar to that of Lemma 17 and is by
contradiction. Supposet that A, = oo. Then, there exists {un, }po—; C T, (K) such that

Ul 2 =1, lim |up|, , z = 0.
Then, by (14), there exists {gn} C P1(K) such that
77}i_{noonum + Qm||27p,[? = 0.

Since |umly, z and [upl, , z are bounded, |up|, , z and [[unll, , z are bounded as
bl ) bV bV b b )

well by Gagliardo-Nirenberg’s inequality (Theorem 13). Hence, {gm} C P1(K) is also
bounded. Thus, there exists a subsequence {¢,,,} which converges to § € P;(K). In
particular, we have

i [feg, + 4l 5 = 0.

my

Since {u,} C T, (K), we conclude that g € T, (K) NPy (K) and ¢ = 0. Therefore, we
reach limy,, o0 ||Um,; 7 = 0 which contradicts to  lim |um, ||y , 7 > Hm |uy,
mi;—r P m;— 00

2.p,K - = 0,p,.K —
1.
We now consider the estimation for the case 1 < p < oco. From (19) we have
P
|U|g7p7KO¢5 _ ‘u|07p51?
ng,p,Ka;a ﬁmmﬁp’f{ + apiﬁpmwy@’pf( + 5—%,3|Uyy|§7pﬁ
max{a®, G} ul?
0,p,K oY
P 5 < (max{aQ,BQ})p AP,

S p 2 p
|um|0,p’f{ + |uwy|0,p’f( + |Uyy|07p7f(

and Lemma is shown for this case. The proof for the case p = oo is very similar. [

Exercise: In Lemma 19, prove the case p = oo.

We may apply Lemmas 18 and 19 to v — I}(aﬁv € T} (Kap) for v e W2P(Kqp),
and obtain the following corollary.

Corollary 20.  For arbitrary v € W?P(K,p) (1 < p < 00), the following esti-
mations hold:

v — I}<QBU|LP,K&¢3 < max{a, B8} Ap|v|2,p, K5,

5 ~
v =Tk, vlopx., < (max{a, 5})" Aplv

27P7Kacﬁ *

§4. Extending Babuska-Aziz’s technique to the higher order Lagrange in-
terpolation

In this section, we prove the following theorem using Babuska-Aziz’s technique.
Let k be a positive integer and p be such that 1 < p < co. The set ’7;,’“(K) is defined by

TE(K) = {v e WHIP(K) | o(x) = 0,¥x € SH(K)},
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where ¥¥(K) is defined by (1). Note that if v € 7J(Kqap), then u =vo Fo5 € 7;’“([?)

Theorem 21. Take arbitrary o > 0 and B > 0. Then, there exists a constant
Ck,m,p such that, form =0,1,--- |k,

v _
B;”’k(Kaﬁ) = sup —| Im.p. Ko < (rnax{a,ﬁ})/l€+1 " Clmp-
vETF(Kap) |v|k+1,p,Ko<5

Here, Ci m,p depends only on k, m, and p, and is independent of o and 3.

Figure 4. Squeezing the reference triangle K perpendicularly does not deteriorate the
approximation property of Lagrange interpolation.

Applying Theorem 21 to v — Iﬁaﬁv € T)(Kap) for v € WHP(K,5), and obtain
the following corollary.

Corollary 22.  For arbitrary v € W*TLP(K,5) (1 < p < o0), the following
estimations hold:

k+t1—
|/U - I?(agv|m7p,Ka6 S Ck%'”%p (max{a7 ﬂ}) o |,U|k3+1,p7Kaﬁ'

The manner of the proof of Theorem 21 is exactly similar as in the previous section.
The ratio |v|? v|? is written using the seminorms of v on K, and is
m,p,Kap k+1,p,Kqop
bounded by a constant that does not depend on v.
First, let 1 < p < oco. For a multi-index v = (a,b) € N2 and a real t # 0, set
(a, B)7 == 3%, Then, we have
- P
|U‘?rgn,p,Kag B Z|’Y| =m 7'( a, ) w|mu|0,pf<
P (k+1)! _
i ipins Eisionen St (e, )= |90ufl o
Z|’y| m ryl (Oé ﬁ) p |67u|0pK
- (k+1—m)!
i 20, 8) (Ciatchsrom Szt ln@ )l )
k41—
(max{a, 51" w0, B) P |00l

<
> = 2 (e, B) P (szkﬂ_mwxan(am)y pf()

- 929 .



KENTA KOBAYASHI - TAKUYA TSUCHIYA

Z\'ﬂ =m »yl( ,6)—’)’1) |87U|§7p7[?

” _ 7 (k+1—m)p '
(22) (max{«, £}) Zlvl m 5 (a B)~ vp\avu\,ﬁq m,p, K

Here, we used the fact that, for a multi-index 7, (a, 8)" < (max{a,ﬁ})'”lp and, for a
multi-index § with |0] =k + 1,

o _ [ [l
%- oz o

| |
y+n=4 v
[vl=m,|In|=k+1-m

For example, if kK = 2, then we see

Wl . ar |l + g5 luylo
v g,p,Ka a_éommfcwlg + a%ﬁpmwmyﬁ)) + a%wmmyy% + Tézo|uyyy|g

1 p 1 p
aP |ul'|p + /3_p|uy|p
1 luzea|p [uzwylp [uayylp 1 [Uawylb [uayylp luyyylp
( a2p +2 P 3P + B2p + BP a2p +2 P 3P + B2

oP
max{a??, 327} <$|um|’0’ + /Bip|uy|§>

<
% (Ivawalt + 2lueaylg + [tayylo) + /Tlp (Iuaaylo + 2[tayyl6 + tyyylo)
2p ;2 ar| w’o R W|uy‘p K
= max{a”?, 3P}~ L
ap|m|2pK ﬁp|y|2pK
and
v g,p,KaB _ ﬁmm% + apigp|uwy|g + ﬁmyyﬁ))
v g,p,KaB #Wﬂ:m% + a%,gpwmylg + a%g%Wfﬂyy% + ﬁ’uyyy%

1 Py 2 p_ 1 D
a2p|u$$’p apﬁp‘uwy‘p+ 52p|uyy|p
1 |“mmz|p |umzy|p 2 |u11y|p |u1yy|p 1 [Uayylp [uyyylp
o ( + + orpr + tam | Tar T pr

max{a?, B} (g luzalf + w55 ey [§ + gl F)

ﬁ (Ivawalt + [Usaylo) + apiﬁp (|“m:y|p + [uayylg) + ,3_%17 (luayylo + [uyyylo)

IN

awltaaly | 2+ woaw taylg , 7 + 7 (Ul
= max{a®, B} alp 2pK G m BP OpK
a?p ‘um‘1,p,l? T a”_ﬁf”uxyh g T ,32‘” ’uyy’1 K

In the above, we use the notation |- |o instead of | - [, 7 for simplicity.
Exercise: Confirm the details of the above inequalities, in particular, (22).

Now suppose that, for 7;,’%([? ) and a multi-index ~, the set Ez’k is defined so that

(23) u€7;k(A)2>87u€~7k

- 30 -



ERROR ANALYSIS WITHOUT THE SHAPE-REGULARITY ASSUMPTION

and

U ~
(24) Az’k = sup ||0—’p’K < 00
veEy* |v|k+1—|7|7p,f<

hold. Then, from (22), we would conclude that

m! - p
(istas  ovcra gpyert-mp _nizm 5@ 0) 710y, g
0l i Kap 2lyl=m 7'( @, B)” 7P|87u|k+1 m,p, K
kP m!
< (max{a, gy k+1-mp Zi=n AT B @Bl g
Y= B B)TR (O 0ly e
(25) < (max{a,ﬁ})(kH ™) Ch s Chm,p = max A;’k.

lv|=m

Our task now is to define Z)°* that satisfies (23) and (24). We will explain the details
in the following sections.

§ 5. Difference quotients

In this section, we define the difference quotients for two-variable functions. Our
treatment is based on the theory of difference quotients of one-variable functions given
in standard textbooks such as [3] and [25]. All statements in this section can be readily
proved.

§5.1. Difference quotients of one-variable functions

For a function f(x) and nodal points xg,x1, - ,x, € R, the difference quotients
of f are defined recursively by

f(zo) — f(z1)

flxo, z1] — flz1, z2]

f[l'o,l’l] = ’ f[x()vxlaxQ] = )
ZTo — X1 XTo — X9
€T B J— x BRI
f[anxla"' 7xm] = f[ o L 1] f[ L d m]
o — Tm
A simplest case is x; := xg + hi, ¢ = 1,---,m, with h > 0. In this case, the

difference quotients are

f(z1) — f(mo) f(xo) = 2f(z1) + f(x2)

f[.??o,.Tl] = h ; f[m07xlax2] = B2 5
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and so on. The difference quotients are expressed by integration:

flxo, 1] = pra— / f(t)dt = / f'(wo + ta(z1 — 20))dty,
Flzo, 1, 22] = f[@;ﬂ;l] = flx, o] _ flaa, xo] — = [lzo, x1]
2 — X T2 — X1
1 1
- | (5o + taoa = 0)) = £+ trlar - a0)
T2 — 1 Jo

1ty
= / / I (zo + t1(z1 — o) + ta(x2 — x1)) dtadt;.
0o Jo

For n > 1, the following formula holds:

(26f[xo, @1, -+ @ / / / F <$0+Zt — L1 )dtn"-dtzdh-

Exercise: Prove (26) by induction.

§5.2. Difference quotients of two variable functions

We now extend the difference quotient to functions with two variables. For a
positive integer k, the set ¥ C K is defined by

Yk .= Ek(K) = {X,y =

veNa,oswyc},

where v/k = (a1/k, az/k) is understood as the coordinate of a point in Sk,
For x, € 5% and a multi-index § € N2 with |y| < k — |8], we define the correspon-
dence A% between nodes by
A‘Sx7 = Xy45 € Sk
For example, AMVx ) = x(1,1) and A(2 Vx(0,1) = X(2,2). Using A?, we define the
difference quotients on X for f € CoUK ) by

F[xy, A% ] = kP Z (A7),

77<5

For simplicity, we denote fI9! (X(0,0 ASX(O’O)] by flo! [ASX(O’O)]. The following are exam-
ples of f|5‘[A5x(070)]:

2

FAAEDx )] = k—(f(x(z,o)) = 2f(x@,0) + f(%(0,0)));

2
FIAMx00)] = K (f(xan) = Fxa0) = f(xon) + f(x00),
3
FIACYx0)] = k—(f(X(z,n) = 2fxa) + fxen) - fxeo)

+2f(x1,0)) — f(X(0,0)))-
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Let n € N3 be such that |n| = 1 and < §. The difference quotients clearly satisfy the
following recursive relations:

k

Fxy, A%%,] = 51 <f|6‘_1[x'y+nv A7) = fO [, A‘;_"X7]> -

If f € C*(K), the difference quotient f1Olx.,, A%x,] is written as an integral of f.
Setting d = 2 and § = (0, s), for example, we have
fl[X(l,q)7 A(O’I)X([’q)] = k(f(x(l,q-i-l)) X(l q) / 8(0 1)f < ) dwl,

]{72
X, A% )] = ( (X(1,q+2)) = 2f (X@,q+1)) + [(X1,9)))

/ / 8(0 2)f (— + - (w1 + wz)) dw2dw1
= k/o [a@v”f (—, -+ %wl) o f ( 2t %wl)] dwy,

f [X(l,p)vA(O )X(Z,Q)

/ /w1 / 5(0:5) f (- (w1 + - —i—ws)) dw, - - - dwydwy.

To provide a concise expression for the above integral, we introduce the s-simplex
SS = {(tl,tg,"' ,ts) € R?® |th ZO, 0<t1+--+t;, < 1},

and the integral of g € L'(S;) on S, is defined by
w1 Ws—1
/ (wla , W dWs = / / / w17 7ws>dws T dU)gd’U)l,
Ss
where dWy = dw, - - - dwpdwy. Then, f*[x( 4, A(O’S)x(l,q)] becomes

+ (w1 + -+ wy).

| =

l
%0 A% )] :/s 0\ f (E,WS> dWs, W, =

ENRES

For a general multi-index (t, s), we have

ft+s[x(l,q)7A(tys)x(l,q)] :/S /S a(tvs)f(ztaWS) dZ¢dWs.

[ 1
T = - 4 E(Zl + -+ 2z), dZi:=dz - dzadz.

Let DfsY be the rectangle defined by x., and A(sxfy as the diagonal points. If § = (¢,0)
r (0,s), DESy degenerates to a segment. For v € Wl’l(f() and Dfsy with v = (I, q), we

denote the integral as
/ V= / / Zt, dthW
D(t s) St
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If ny degenerates to a segment, the integral is understood as an integral on the segment.
By this notation, the difference quotient f'**[x.,, A*)x_ ] is written as

f(t+s)[X%A(t’s)Xv] - / a(ts)f-

D,(Yt’s)

Therefore, if u € 7;’“([? ), then we have

(27) 0=ut[x,, Alt¥x ] = /( )8(t’s)u, VDgt’S) cK.
nyt,s

Exercise: Confirm that all the equations in this section certainly hold.

§6. The proof of Theorem 21
By introducing the notation in the previous section, we now be able to define

2k C WhH1=hlr(K) and Ak for p € [1,00], which satisfy (23) and (24). For multi-
index -y, define

E;’k = {v € WkH_'V"p(IA() ’ / v =0, \V’D?p C IA(} )
4,
From the definition and (27), it is clear that (23) holds. Define
k |U|0 p,K
AVF = sup ———— 1<p< 0.

T et Pk

Then, the following lemma holds.

Lemma 23. We have Eg’k N Pi—|y| = {0}. That is, if ¢ € Py_|y| belongs to
E;’k, then q = 0.

Proof: We notice that dimP_ 5 = #{Dfp C IA(} For example, if k = 4 and |0| = 2,
then dimP, = 6. This corresponds to the fact that, in K , there are six squares with
size 1/4 for 6 = (1,1) and there are six horizontal segments of length 1/2 for § =
(2,0). All their vertices (corners and end-points) belong to $*(K) (see Figure 5). Now,
suppose that v € Pj_ 5 satisfies fD?p q = 0 for all D?p C K. This condition is linearly

independent and determines ¢ = 0 uniquely. [J

To understand the above proof clearly, we consider the cases k = 2 and 3. Let
k=2 and v = (1,0). Then, k —|y| = 1. Set q¢(z,y) = a+ bz + cy. If the three integrals

/ (ry)=a+ / (rry) = a+ / () =a+ L+ C

r,y)=a+ T,y)=a r,y)=a+ -+
o 1Y 1 o 1Y 1 o 1Y 13
00 10 01
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[

Figure 5. The six squares of size 1/4 for § = (1,1) and the (union of) six segments of
length 1/2 for § = (2,0) in K.

are equal to 0, then we have a = b = ¢ = 0, that is, ¢(z,y) = 0. The case v = (0,1) is
similar.

Let k = 3and v = (1,0). Then, k—|y| = 2. Set ¢(z,y) = a+bx+cy+dz?+ey’+fxy.
If the integrals

(@) =a+t 2+ 2 () =a+ 24 Ld
T,y)=a+ =+ — r,y)=a+ -+ —

o 1Y st o o 1@ BT

5 19

— 0t 2b+ —d

‘A%m«%w at bt o

are all equal to 0, we have a = b = d = 0. Moreover, if the integrals

/ =S+t / (1.9) =5+ +
€T = — — _— €T —_ — —
noo MY T3 T T IR qoo Y73

2 4 f

/Dg;"” q(z,y) = §c+ g€ + 9

are equal to 0 as well, we have ¢ = e = f = 0. Hence, we conclude that ¢(z,y) = 0.
The case v = (0, 1) is similar.

Lemma 24.  We have Az’k < 00, p € [1,00]. That is, (24) holds.

Proof: The proof is by contradiction. Suppose that Ag’k = o0o. Then, there exists a
sequence {u, }5%; C Z)°F such that
|Un|07p7f€ = 1, lim |’an|k+1_|w"p71’% =0.

n—oo

By the inequality (14), for an arbitrary ¢ > 0, there exists a sequence {g,} C Pr_||
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such that

qe%{m fun =+ qH"?H—IWI,p,I? < [lun + q"HkJrl—I'YI,p,I?

‘ €
< qeggm [l + QHkalv\,pﬁ T n

€ .
< C|u’”’k+1*|7|,p,f< + n’ nlggo lem + q”“’ﬂ+1*|7\7pﬁ =0.

Since ’u”‘kﬂ—lﬂ,p,f( and |up|, , % are bounded, |unl,, % (1 <m < k—|y])is bounded
as well by Gagliardo-Nirenberg’s inequality (Theorem 13). That is, |u,], ey R
and {g,} C Pj_|, are bounded. Thus, there exists a subsequence {g,, } such that g,,
converges to ¢ € P_|,. In particular, we see

n}l—H>loo ||u”1 + (7||k+1_‘7|’p7}? =0

Therefore, for any [}, we notice that

0= lim (uni—f—cj):/ q,
0y, O

n; —o00 ¥
lp

and ¢ = 0 by Lemma 23. This yields

lim ||w,, S =
m—>oo” Millk+1—|v],p, K

0,

= hmni—mo |unZ

which contradicts lim,,, oo ||tn, bt |y p

opR = 1. 0

Now, we have defined the set Z7* that satisfies (23) and the estimate (24) has been
shown. Therefore, Theorem 21 has been proved by (25).

Exercise: We have shown the Theorem 21 for the case 1 < p < oo. Prove Theorem 21
for the case p = oo.

§ 7. The error estimation on general triangles in terms of circumradius

Using the previous results, we can obtain the error estimations on general triangles.
Recall the reference triangle and the definition of the standard position of an aribtrary
triangle K (Figure 2). Let K,s be the triangle with the vertices (0,0)T, (a,0)", and
(0,8)T. Let K be the reference triangle with the vertices (0,0)T, (1,0)T, and (0,1).

We consider 2 x 2 matrices

_ (aBs) _ (1 0 1. (L — (@0
A= (05) = 01) (85)- A= (1) 2= (5).
A1 = a~t—a7tlst7t\ (a7l 0 1—st™!

SN0 st )T Lo gt o et )
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X3

X1 « X9

Figure 6. The standard position of a general triangle (reprint). The vertices are x; =
(0,0)7, xo = (a,0)7, and x3 = (Bs,8t)", where s2 +t2 =1, t > 0. We assume that
0<fB<a<hg. Then, 7/3 <0 <.

and the linear transformation y = Ax. The reference triangle K is transformed to
Ko by y = Dopx, and K,p is transformed to K by y = Ax. Accordingly, 7;"“(K) is
pulled-back to T,F(Kqs) by the mapping T (K) 3 v +— & := v o A, and TF(Kap) is
pulled-back to 7;,]“(1?) by the mapping 7;,’“([() v 0:=vo0Dys.

By Theorem 21, for arbitrary o > 3 > 0 and arbitrary p, 1 < p < oo, there exists
a constant C}, ,, , depending only on k, m, p such that

v
(29) BpH(Kyp) = sup mmKen o giiiong,
VETF(Kap) |U|k+1,p,Ka5

A simple computation confirms that Ajg has the eigenvalues 1+|s|, and A1A-T
has the eigenvalues (1 + |s|)~1. That is, A= (1 + 1s)Y/2, [JA7Y| = (1 —|s])~1/2, and
det A = t. Therefore, defining 9(x) = v(Ax) for v € T (K), it follows from (12) that

0] < 27D AL,

9~ (ktDup)l/p | A=+ |p

7paKo¢B Y

[kt 1p.Kap < [0lkt1p,K-
Combining the above inequalities and (28), we obtain
~ ~ v
ot g A+ A e

|Z||k+1 ”Av—l ||mak—|—1—m

bl

< C,m,pChymp

where ¢ . p := 2FF1FMEP) | Hence, we obtain the following lemma.

Lemma 25.  For an arbitrary triangle K in the standard position, we have

By (K) < crmpll AIMFHIATH™ By (Kap)

< ChompChompl AIFFH ATk + =

where ||A]| = (1 +[s])"/? and A7) = (1 —|s|)~"/>.
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Applying Lemma 25 to v — ZFv € 7;’“([( ), we have the following corollary.

Corollary 26.  For an arbitrary triangle K in the standard position, we have

[0 = Thtlmp i < ChmapCromp | AN IAT ™0 " o1, Vo € WHHIP(K).

We would like to obtain upper bounds of ||11|| and \|Z‘1|| From Lemma 25, we
obviously have ||A|| < v/2. For ||[A~!||, we observe that

i 1 (1+]s])'2
1 _ 2 2 _
21/2a5hK Ozﬁh[( 1
< — .. — =
= Taphit | 2V2hg K| ( K] 20‘&)

23/2RK Oéﬁh}{
— RK — )
hi 4|K]|

Thus, redefining the constant Cj, ,, ,, we obtain the following theorem.

Theorem 27.  Suppose that a triangle K is in the standard position. Let k, m

be integers with k > 1, m=0,--- ,k and 1 < p < oco. Then, the following estimate
holds:

R m
B;;n’k(K) = Sup |v|m,p,K g Ck’m’p (h_K> ak—l—l—m’
veTr(K) [Vlkt1,p,K K

where Ry s the circumradius of K, and Cy, . p 15 a constant depending only on
k, m, and p.

Now, let K be an arbitrary triangle. Note that o < hx and the Sobolev norms are
affected by rotations if p # 2 up to an constant (see (13)). Then, with rewriting the
constant, we obtain the following corollary from Theorem 27, that is the main theorem
of this survey (reprint of Theorem 10).

Corollary 28. Let K be an arbitrary triangle with circumradius Ry . Let k
and m be intergers with k > 1 and m = 0,--- k. Let p, 1 < p < oco. For the
Lagrange interpolation I¥v of degree k on K, the following estimate holds: for
any v € W2P(K),

U R m
Bk s et < (B
uE'Tpk(K) |u|k—|—1,p,K k

R \"™ i1
0= Tt < Comp (15) K ol

where Clm,p depends only on k, m, and p.
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Remarks: (1) Let Q C R? be a bounded polygonal domain. We compute a numer-
ical solution of the Poisson equation

—Au=finQ, wuw=0on9df
by the conforming piecewise kth-order finite element method on simplicial elements. To

this end, we construct a triangulation 73 of 2 and consider the piecewise Py continuous
function space S, C Hg (). The weak form of the Poisson equation is

/ Vu - Vodx = / fodx, Vv e H}HQ),
Q Q

and the finite element solution is defined as the unique solution uj; € S}, of
/ Vuy, - Vopdx = / fopdx, Yo, € 5.
Q Q

Céa’s Lemma implies that the error |u — up|1,2.o is estimated as

(29) lu — up,

1/2
k12
1,20 < ( Z |u — Trru 1,2,K> .
KeT,

Combining (29) and Corollary 28 with p =2, k > 2, m = 1, we have

lu — up,

1/2
120 <C ( Z u _I§<U|i+1,2,K>

KeTy,

1/2
<C ( Z (RKhﬁ‘l)Qlu\iH,z,K)

KeTy,

<C Ry hbt .
= Ilglea%l( KNg )\U’k+1,2,ﬂ

Therefore, if maxger, (Rihh ') — 0as h — 0 and u € H*(Q), the finite element
solution uy converges to the exact solution u even if there exist many skinny elements
violating the shape regularity condition or the maximum angle condition in 7j,.

Recall the triangle depicted in Figure 3 (right) with vertices (0,0)T, (h,0)", and
(h*,h®)T with R = O(hR'*T*=8). Suppose now that a +1 < 8 < 2+ . If a se-
quence of triangulations contains those triangles, and k = 1, then maxge7, Rx = O(1)
and the piecewise linear Lagrange FEM might not converge. However, if £ = 2, then
maxgeT, (Rhyx) = O(h?T*=#), and the finite element solution certainly converges to
the exact solution, although the convergence rate is worse than expected. This means
that “bad” triangulations with many very skinny triangles can be remedied by using
higher-order Lagrange elements.
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8§ 8. Numerical experiments

To confirm the results obtained, we perform numerical experiments similar to those
in [11]. Let Q := (—1,1) x (=1,1), f(z,y) := a®/(a® —22)*/?, and g(z,y) := (a® —x?)/?
with a := 1.1. Then we consider the following Poisson equation: Find u € H!() such
that

(30) —Au=f inQ, u=g on 0.

The exact solution of (30) is u(z,y) = g(z,y) and its graph is a part of the cylinder. For
a given positive integer N and a > 1, we consider the isosceles triangle with base length
h:=2/N and height 2/|2/h*| ~ h®, as shown in Figure 7. Let R be the circumradius
of the triangle. For comparison, we also consider the isosceles triangle with base length
h and height h/2 for « = 1. We triangulate {2 with this triangle, as shown in Figure 7.
Let 75, be the triangulation. As usual, the set S}, of piecewise linear functions on 75, and
its subsets are defined by

Sy, = {Uh S C(ﬁ) | U‘K € Pl(K), VK € Th},
Shg = {vh € Sy ‘ vy, = g at boundary nodes},
Sho ::{UhESh‘UhZOOHaQ}.

Then, the piecewise linear finite element method for (30) is defined as follows: Find
up, € Shy such that

(Vup, Vor)a = (f,vn)a,  Yun € Sho,

where (-,-)q is the inner product of L?(Q). By Céa’s lemma and the result obtained,
we obtain the estimation

lu —upli20 < inf |u—uvy
Vp EShy

1/2
1,20 < ( Z lu — I}(Uﬁ,u{) < CRlulz2,0.
Kery,

The behavior of the error is given in Figure 7. The horizontal axis represents
the mesh size measured by the maximum diameter of triangles in the meshes and the
vertical axis represents the error associated with FEM solutions in the H' semi-norm.
The graph clearly shows that the convergence rates worsen as o approaches 2.0. For
a = 2.1, the FEM solutions even diverge. This is a counterexample to the vaguely
believed dogma that “FEM solutions always converge to the exact solution if h — 0”.
See also [23].

We replot the same data in Figure 8, in which the horizontal axis represents the
maximum of the circumradius of triangles in the meshes. Figure 8 shows convergence
rates are almost the same in all cases if we measure these with the circumradius. These
experiments strongly support that our theoretical results are correct and optimal.
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NI R e
RroovmarNO

°
H1l-error

0.1 F

0.01 L
0.01 0.1 1

Figure 7. Triangulation of 2 with N = 12 and o = 1.6, and the errors for FEM solutions
in the H'-norm. The horizontal axis represents the maximum diameter of the triangles
and the vertical axis represents the H'-norm of the errors of the FEM solutions. The
number next to the symbol indicates the value of «.

0.1

H1-error

0.01 L .
0.001 0.01 0.1 1

Figure 8. Replotted data: the errors in the H'-norm of FEM solutions measured using
the circumradius. The horizontal axis represents the maximum circumradius of the
triangles.
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