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Abstract

The Lennard-Jones (LJ) potential was devised in the first place to model the interac-
tion between inert gas molecules, and has been used as a standard potential function
in a wide range of phenomena in condensed matter physics. The nature of LJ system
is well understood nowadays by extensive researches utilizing computer simulations.
In most of these simulations, however, the potential tail was truncated at a certain
distance. The thermodynamic properties of the system depend on the procedure of
cutoff. A different macroscopic system thus results from a different manner of trunca-
tion employed. In this study, we try to calculate the “true” equilibrium melting points

of the LJ system without introducing any truncation procedures to the potential tail.

Key Words: Equilibrium melting point, Lennard-Jones system, Generalized Ewald method

O Barker and Henderson,1967, Weeks, Chandler

L and Andersen, 1971, Zwanzig, 19540 0 0 0 O

Lennard-JonesD LJO OO OO OOOODOODO
gooooobooboboooboobooboo
goobobooobobboobobbooooboobo
ggoboboooobooobobbuooooboobo
ooooooobO0oD —e0DOODOOOOOO
goobobooobobbooobboooobo
LJoodooooooOooooooooogo LJo
gogobooooobobooobboooboboo
gboooboobooobobobooboboboboon
gooobooobobboooboboooooboo
gogoboboooobbooobobooooboobo
gbogoobooboobobooobooooo

20140 20 2600000
20140 30 180000

ggodoooobbbbbuooooooooon
oo0dodoooooooLJooooooooon
gooooooog .gboobooooooo
ggooooobobbbbooooooooga
gogoooobobbbboooooooooon
oooooooooooooooooo
goobooboooobooobooooog
goodbouoooboobobooobooo
0000000000 Ahmed and Sadus, 2010,
Mastny and de Pablo, 20070 00000000
00 LJOoOoOoOooooooooooooon
re =650 0000000000000000OO



coooooooo

cOLJOOODODODOODOOODOOOODOOO
000000 OToxvaerd O Dyrel Toxvaerd and
Dyre, 2011000 00000000000OODOO
gooobobbbboboooooououoooobon
dooooooo - goooo LJoooooon
goooooboboooooooogooooon
gooobbbooobooooooooooooo
00o0Do000moooo LJooooooooo
ogoooo r. 00000000000 DO0O0O0O
goooobobobooboooooooogooooo
00000 LJODOOoOoooOoooooooDaon
0000000000 ooooooooooon
god
goooobobboooooooogoooon
gboodobodoobboobooboouoboobo
0fdo0o0oboobooooobooobooogono
Ewald 00 Fuchizaki, 199400 00000000
gooobbboooooooooooooon
gopoobbbbooooooooogouooooon
00 LJooooooooooooooooood
A 0 00 Broughton and Gilmer, 198300 0 0 O
gooobbbooooooooooooobon
0oo0LJoooooooooooooon

2 00O

21 0O0OO
LJjoooooooooo

wi-x[(2)*- ()] o

0000000 Hansen and McDonald, 199011 r
0000000000e0 LJOOOOOOOOO
0000000000000000e0 o0 LJ
00000000000000000000000
0000000000000000e=119.8kg J
0 ¢ = 3.405 A O 0 00O Michels, Wijker and
Wijker, 19490 00000LJ 000000 €O
c000000000DO00000000DO0 pO0
00 p000 TOOODODODO0O0D0O0 30¢/0%0

e/kg 0000
22 00 EwaldO

00000000000 LO0000000vV =
[’0000 NOOLJOOOODOOOO0O000
0000000000000000000000
00000000000000000010000
00000LJO000000000000000

2 =257y (ﬁ) —(ﬁ@) @

booooooogr=rp+r—r; 0000
r, dmO00O00O00O000000O0OO0O0OO0», 000
ooob:;0000o0oboo0goooooon
m=00:=70000000000020000
OO0 Fuchizaki, 1994000000000000
obooboooboooom2c00bood p=3
0000000 U0ODOO0O0OdFuchizaki, 19940
ooobboo0ooooobooooobobboooon
p=30000000000000000O0O0O0O
goooobooooboooboo

(I)LJ_ Z;

27973 9 9 92 P
+VN®%E (Tnﬁ§>

.3

6V|%ﬂ

NG12

- T(7)
1 ’ I'(3, ‘T:Jn QGQ)
TTE% 2
m 7,7 1]

2_37{% 3 3 92 ig-r
“vie 20T i@ L

NGS
T (3)

00000000g = |g|0g00n0n0nnnn
0000000000000000000000
ooooooO

2
= —Wn, n ez’ (4)

9=

— 11—



Lennard-Jones 00O OO OO

00D00T(z)0 D(z,y) 000000000050
00060000000000000000000
00000000

F(:U):/Ooodt pr=let (5)
F(:U,y):/oo dt 471t (6)

03000000000oo0o Goooooog
00GU0000000o00oo0oonooooogn
ooooooo G=10000
23 00O0OOODOOOO

dodoo TOpOODOODOOOOOODOO
000000 GibbsOOOOOOOOOOOOO
00g(T,p) 0 ¢(T,p) D0DO00D0D0 Ty O
9s(Tmsp) = (T, p) 00D OO0DOO00DDOO
00 AN0OOODOOOO0OO0ODOOOBroughton
and Gilmer, 19830 0000000000000
ogooooood
231 O00O0OOOODOOOO
oo0ooooooooobooooooooon
gooobooooooouoooooooooon
Jdddd0ooooooooooo Aoooo
oo

@s(A):)\q’LJ+(1—)\)@ZU? (7)

7

00ddd0dw; 0.000000000D0D00O0O
OUO0O0O0O0OK(T,p)DOODOODOOODOO

ori(ri})
K(T.p) = 6N<§:§:{ Jﬁ

n 2 dd)LJ(|Tij|)}>
|r§]’? d|’r{? -
88 [ % i
__<Nv?{rw)%)1

11 772n2
xT _?, § :627rn Sij

355

T(7,|sm |2G2) NG
sp[UT(7)  T(8)

%

2,2

Wil 2
5
2

T™n TN S;j
xT'( Iz z]: e?
I'(4, ]s I’G?) NGB <
+ Z Z |Sm|8F o r'(5) (8)

T,p
0000000000000000000s}} =
sm+s —s;0000s;,=L"'r, 000000
000000000000 +¢000000000
0ds, =L 'r, 0000000000000
D0000mO0O0O00000D00D0OO0O0O000
(~)p,0LJO0TOp0OODO0O00O0ODO
0000000000000000000000
0D000000000000000000000
0000O0O0oOooO

00000000000 00700000000

oooooooo
a3V B.(\)
x AN aq’(_' T )(9)

O00O0A =h/v2rT O de Broglie 00000
O0OARO Planck OO0DOO0OOOOOOOO TOVO
A0000 HelmholtzOOOOOOOOODO

Zo(T, Vi \) =

Fy(T,V;\) =T Z(T,V;\)  (10)

ooboooobooooo
LJ OO HelmholtzO OO OO OODODO M 100

00000 A=100000000XA000
0o0oOo
Fy(T,V;1) = Fy(T, V;0)

! K(T, )

i
0000000000F(T,V;000000000

000000 Helmholtz OO OO DOOOOOO
gbobgobogoboonbog

F(T,V;0)=3NTIn {h";;(;:’p)} (12)

—1ii —

T,V,\



coooooooo

00000000000 GiIbbsOOOOODOOO
0011000 Legendre 00O O0O0O0O0ODOO

Gs(T,p) = F5(T,V;1) + pV (13)

ggoog

232 0O00O00OO0OOODOOO
ggobobooobobobooobbobooooo

o0oooAOO0OO0OOOO0ODOOOOOoOoOOooOn

gobooooobbooooooboooooo

goboooobooo

bt = BT 52

ol o=

; (14)

0000000000 Broughton and Gilmer,
19830 0 0 00000000DbOO0DOO0DOooDan
0o00o0doooooo A Dooooooooo

@1(/\):/\‘I)LJ+(1—/\)Z¢ref(7“ij) (15)

1<j

gbooobdooobooboobouooboobo
LJ OO0 HelmholtzDODOODDOOO K(T,V;1)
od

R(T,V;1) = K(T,V;0)
+ /1 dx <q>LJ - Z¢ref(rij>> (16)
0 i<j T,V,\
000dooOoOOoO00O HelmholtzOODODODO DO
000000000 HelmholtzOOODOOOODO
Fq(T,V)DOOO
K(T,V;0) = Fa(T,V)

P M.
+ N/O dp/prefp/zpld (17)

000D000000000000000 O pres O
pq 000000000000O0000000O0
O00Fq(T,V)OOooooo

Fhujvy:NTm{p<;Z>e—1 (18)

ggobobooobobooobbbooboboo
ggoooooo

1<j

p —
+N/O dp/M (19)

,0/2

1
+ /O dA <<I>LJ - Z¢ref(rij)>T y

000000000000000GibbsO0OO00
00000019000 Legendre0 O OO OOO
goo

Gi(T,p) = Bi(T,V) +pV (20)

goog
24 OO0ODOODO
oo0obo00omsOolimoooioooooa
OO0o0OOoDOOooOooobDOoooMDOOODOO
gobbooobbobooobbooobbod
oobooboboooboooboon
O0pOO0DOOD0OODODODOODOOO
MDOOOOOOOOOOOOODOOODOOO
gogbboogboobooobbooobbad
000000000000 0000D0OO K(T,p)
googno
gobooooboobooobbooobbogao
000o0000DoD KTy OoooooooOo
OO000000oo0ooooooovooooooo
O000D00D00DO0ODOO0D00ODOO Langevin O
O000Heermann, 19900 0000000000
A=1000000dr=0.060000 A=00
OO0o00O0DOOo0O AODOQOO0Od11oooooo
goboooboooobooooon
00o000oooooooooo ADOooooo
go0oo00ooomlioooooooooooon
googd
goboooobbooobbooobbobogoo
obobooobobooobobooobooboooo
ooooOooOoloooobooboooooooo
000000000 Langevin 0O DOOOODOO
O000O00oA=1000000dAx=0.0600
OO0 A=0000000000 XNOD0DDOOD190
goboobobooboboobboobo

—iv —



Lennard-Jones 00O OO OO

000000 A A=00000000000000
000bO0o0o0oO0ooboboboboooogoiso
ggobobooobobooobobbuooooboobo
Langevin 00000000000 OODOOODO
000o00o0oboOobooovoooooboooon
oo0oboooooboobOobOoog p=0000
gogboobooooobooobobbuooooboo
ggbobogobboooobbooobbog
goboooobgoon
goboooooooboooobobooooobo
O00AOODOO0O0ODOODOO pOOOOOODO
0D00bO0oo0om1ooo0oooooooooDn
gooooooo
0000000000000 000 Gibbs—
Helmholtz OO OO OO OO, 19930

G(T27p) _ G(Tlap)
T 0N
T2 H(T,p
By e
Ty

0000000000000G(Ty,p) 0 G(Ts,p)
000000000 p0O000OO000 T30 T
00 Gibbs 000000000000H(T,p)O
0000000000000000000000
0o
0000000000000000000
0000000000000000000 LO
0000000000000000000000
000000 N=2600000000000
0000000000000000000000
000000OMDOOOOO0O0OOOOOO0OO
000000000000000, 2003000
000000000000 Runge—Kutta-Gill O
00000,2001000000000000000
00000000000 At0 000100000
00000 me?2/e0000mOLIOOOO
0oo0oo

241 00O0OO0O MDO
OsO0o00ooOooooooooooooooon
OO0OOd0ooO0obOOo0oOoOobOoOoboooooDo
0000000000 Andersen 0000000
0 Andersen, 198000 000000000000
0000000000000 Woodcock, 19710 O
cooooooogog

000000000 £OO

2

Vi, M.
E = Z 7812 + ?Vz — @LJ _pexv (22)

00 D0Andersen, 19800V 0 M O0OO00ODO

0000000000000000000pex D

0000000000{s;}0V 00000000
0o

= Vis,

=MV

oo0obo0obm220000000000
pr’

goobooobobooobbooobbobooo
gooogoo

2

Di

‘i = 2 26

5=l 26)

Di = *V%fu (27)
. II

. 1 pZ
II = 3V (Z +Zrz fz) pex( )

oooof0.0000000000000

0P,y

fi - 87’1‘

m|14

/ (6F6|sm2G%




coooooooo

3

T2 9 9 ¢°
- -2 2
T Zg 99 T(=3 362)

X E sing © 845
J

303, |71 °G?)

|83 1°

8 /
CT(3)VE Em: 23:(

G6e_|s;?|2G2
‘jg?f"sm
3 2
w2 3 3 g
. =2 2
+ 33 d 99°T(=5: 153

X Z sing - si; (30)
J

O00000oo0ooooooooooooooon
O000Doo0o0oooooooDoooooon
O00 NODOO pOO0OoO Toooooooono
oooooooooooo

242 LangevinOOOO
gliocooooooooooovoooooo
000000o0O00ooO0oOooooooooo
O0o0ooooooooooooooooooon
O00000O00OO0OOoDoDOO0O00OQC0O Langevin
00000000000 Langevin OO OO OO0
Newton 00O 0OO0OOOO0ODOOOOODOOO
O ROOODOOODOODODO —ywOODOOODO
O00o0oooooooooooooooooon
O00O00000D0OHeermann, 19900y OO 0O
ooogoooooooooo

v; = fz()\) + R, —yv; (31)

oooof;(N)D«00000000000D000
goboogoo

_02())
fi(A) = - ar., (32)
oooooooooon
_09i())

fi()‘) =

81“1-

oobo0bO0~y0OO0O0OO0OODODOOOOODObODbODOOO
gobobooobobooobobboooboboo
Ud~y0OO00oooboboboooooobobboo
gobobobobooooobobbbdugdyb oo
0 1,5,100000000000000000D000
O~=10000000000000

3 00

OO00o000ooooMDODOODOOOODOD
gooboboooboboboooobboooboooo
OO0o0OOobOOobDODoOoboOdbOp=1000000
00000Db000O0o0o0D 10000T ~0.9
gobobooobobboooobbooooboboo
gobobogooboooboboooobogoo
goooobbooobooon

T T T T T

1.1F

Ap i 1
NN ! p=1.0
A
N [
A |
A |
1+ AAI i
1o,
o
Q o I oA
0.9 o5 ]
0]
Xe)
ARER e
0.8- O %/LEHIJ. i OQQ |
I [A)
0 02 04 06 08 1 12

01 p=1.0000000000000000
000 p000 TOO0O0O pO0OOOO0O0O
000 30¢/ks000 ¢/c* 000000000
0000000000000000000p00
000000000000000000000
000000000000000000000
00000000000000000 LJOoOO
0000000000

ooopoooo MbOODOOOODOODO
0000000000 D00D0DOOLangevin OO
ooobOobOO1lgooooobooboboiog

—vi-—



Lennard-Jones 00O OO OO

go0oooooboObObobO0o0o0ooooobon
p=1.0000000110000190000000
O0O0ooooo A AoOooDoooooooo 20
Jubbodb 4001900000000 0DOn
ooobobooobobooobbboooboboo
007TB, 000000B,00000000DOO
ggo

¢1,3(r)

By(T) = —2m /00 drr? <e7#> (34)

00000000000 Barker and Monaghan,
196200000000 400000000000

p=1.0
_7,
1 A T=0.80
o T=0.70
S 0 T=0.60
i §e O T=0.50
S A
B Tooa,
T 8o 0364,
< o4 g [ % A %
°88 ﬁg@@g
$qa
8¢
A$
% 02 04 06 o088 1
A

02 011000000000000000A
000000 ADD0DO0O0O0O0DOO0O0O0O000
000000ADOOOOOO TOOOOO p
0000000000e0e/kg000 ¢/0® 00
007 = 0.50,0.800\ = 1.0,0.50,0.0 000 O
000D0DD0DD0000000000000000
0000000D00000000000000
000000 (X)00000oO0O Xoooo
(X?)—(X)2000000000

O0o0o0o0oOooDoDOo AQOOoDoOooOooo
goobobooobobooobobboooobobo
obobooooomyooooooboboobo
gogooobbbbhpboooooobbobbOO
O000p=100000000000 GibbsO
o0oboo0oboobobobooo sObOoboon

— vii —

%§§§§§§§§§§§§§§§§§;§5
p=1.0 A T=0.90
& T=0.80

§§§§§§§§§§§§§§§§§§ )
-6.9F 0o T=0.70
O T=0.60

mmmmmmmm@m@

MDEFL)

36053 o

—748 %223 )
7.4 ] mﬁﬁﬁﬁﬁgmmﬁmmm

0 0.2 0.4 0.6 0.8 1
A

03 019000000000000000A0
00000 AD00000000000000
0000ADO0OOOOD 7000 pO00O0O
000D0De0e/kg000 ¢/6° 0000000
000000000000000000000
000

04 01900000000000000000
0000000000000000000000
00000 p000 TOODOOO pO0O0OO0
00006°0e/kg0 00 ¢/c> 0000000
0000000000 TR, 0000000



coooooooo

00000000000000000110000
00190000000000000000000
0000000000 203000000 A0
000000000000000000000
0000000000000000000000
0000000000000000000000
000000ADOOOOOOOOOOOOOO
00000000Gibbs-Helmholtz 0O OO OO
0000 500000000000000000
00000000000 Gibbs-Helmholtz O O
0000000000000000000000
00000 0Gibbs-Helmholtz0 OO OO 00O
00p=1.000000000 Ty, = 0.7527050,
0000000000000000000000
0000000000000000000000
000ADODD0ODODOOODD000000000
0000000000000000000000
A;0AD00000000D00O0O0O0OOOOO0

A
AT = ; (35)
9gs
‘ o |,
A
AT, = —— (36)
dq1
oT T

gobooboobodbdg 0 gboobon
000000000 Gibbs-Helmholtz 00 OO
oooboooooboboooobboooobobo
obo1obooboo
oooooobooboboooebobobd
gogoboboooboboooboobboooobobo
0000LJOODOO0O0O00O0O0O000OAgrawal
0 Kofke(1995) 00O ODODODOODOOODODOO
LJoooooooooouoooooboouoo
ooboOooo0ooooOoooOoooOogd re~3
00000 LJoDOOoOooDoDooooooooo
ggobooooobobooobboooboboo
gogobooooobooobobbuooobobo
ooobobooobobooobobbooboboo
ggobooboooobobooobboooboboo

ooobooobobobooooboboooboboo
oO00oooooooD LJooooooooog
OO0 LJOOoOoObOOOoDOoOooboOooboooo
goboooobboooobbooobbod
00000000000000 Greengard, 19870
goboobobooboboobboobo

o -
. =1.0
| RN p
:‘g -8 Z.§..,.'\\\ )l
% D
H BN
il R
m L
S ..
? \§
§-or A B N 1
N \
© o A N
\
\
\
O
0j5 0j6 Oj7 Oi8 0j9

05 p=1000000000000000
000000000000 GibbsOOOOOO
0000000000000000000000
00000 GibbsD0DOOODOOOOD2100
000000000000000000000
TOOOO00 pO000O000000eDe/ksD
00 ¢/c* 0000

4 0OO0OO

LJoOoooOOoooOOooOoOooooobooooDoag
gobbooobobooobbooobobod
oooooobooobor.,o0booboboog
goobooobboooobboooboobooo
gobobogobobooobobooooboboogoo
0000000000000 EwaldODOOOO
ooooboooboobobooboonboo
OOO00O00O0O0O0oDOoobOOoooooD Ly
gbooooboopoobooboboobong
N=26000000000000000000
goooooobobooobbooobbobooo

— viil



Lennard-Jones 00O OO OO

01 LJODODO pOO0O0DODODOOOOOOT
000 p000D000O00O0DOEe/kg O 6/03[|
god

P T
0.0001  0.665799%,
0.0005 0.67879:9%,

0.001  0.680%9:5%,
0.005  0.68475-0L

0.01  0.68919:9
0.05  0.680%9:L,
0.1  0.687+99L
0.5  0.71979:92)
1.0 0.75275:9%,
2.0  0.83919:02)
3.0 0.90079:92,
4.0 0.97519:92)
50 10477902

00o00o0o0oOOo LJoooooooooo
ggboboooobobooobbooobooboo
ggobobooobbooobbouoobbog
goobobooobobooobobbooooboobo
gogooobooobobboooboboooooo
gogobobooobobooobbooobbog
goobobooobobooobobbooooobo
gooobooobobboobobbooooboobo
gobogoobgooobog

EEN

goobobboooooooooooooobon
gogboboooobobooobbooobooboo
gboboobooooooooooon

EEN

Agrawal, R. and Kofke, D. A. (1995) Ther-
modynamic and structual properties of model

systems at solid—fluid coexistence. Mol. Phys.

T
PR 2
. e O
10% o .
o
£
o )
«
N
10°F % o NHffFE
A A Agrawal & Kofke
2 ..
#
107 &
1 1 1 1
0.7 0.8 0.9 1 1.1

06 LJOODODODODODDOOOUOOOOOOOOO
gobbboodoodoooobbboooooa
00 Agrawal 0 Kofke 00O O LJOOOODO
00000 Agrawal and Koftke, 19950 0 00O
Agrawal 0 Kofke O r. ~ 300000000
000oo00ooooooooo ToOOOD pOO
00000000¢/ks 0 €¢/c® 0000

85, 43-59.

Ahmed, A. and Sadus, R. J. (2010) Effect
of potential truncation and shifts on the solid—
liquid phase coexistence of Lennard-Jones flu-
ids. J. Chem. Phys. 133, 124515.

Andersen, H. C. (1980) Molecular dynamics
simulations at constant pressure and/or tem-
perature. J. Chem. Phys. 72, 2384-2393.

Barker, J. A. and Henderson, D. (1967) Per-
turbation theory and equation of state for flu-
ids. II. a successful theory of liquids. J. Chem.
Phys. 47, 4714-4721.

Barker, J. A. and Monaghan, J. J. (1962)
Fourth viral coefficients for the 12-6 potential.
J. Chem. Phys. 36, 2564-2571.

J. Q. G. H.
(1983) Molecular dynamics investigation of the

Broughton, and Gilmer,

crystal-fluid interface. 1. bulk properties. J.

Chem. Phys. 79, 5095-5104.

—ix —



coooooooo

Fuchizaki, K. (1994) Towards generalization
of Ewald sum. J. Phys. Soc. Jpn. 63, 4051—
4059.

Greengard, L. (1987) The Rapid Evaluation
of Potential Fields in Particle Systems. PhD
thetis, MIT, Cambridge, MA.

Hansen, J. -P. and McDonald, I. R. (1990)
Theory of Simple Liquids, Elsevier Science, 6.

Heermann, D. W. (1990) 00O O0OOOO0OO
oo, 0bobobooobobobobobbbobobobo,o0d
000,000. 61-68.

Mastny, E. A. and de Pablo, J. J. (2007) Melt-
ing line of the Lennard-Jones system, infinite
size, and full potential. J. Chem. Phys. 127,
104504.

Michels, A., Wijker, H. and Wijker, H. (1949)
Isotherms of argon between 0 °C and 150 °C
and pressures up to 2900 atmospheres. Phys-
ica. 15, 627-633.

Toxvaerd, S. and Dyre, J. C. (2011) Commu-
nication: Shifted forces in molecular dynamics.
J. Chem. Phys. 134, 081102.

Weeks, J. D., Chandler, D. and Andersen, H.
C. (1971) Role of repulsive forces in determin-
ing the equilibrium structure of simple liquids.
J. Chem. Phys. 54, 5237-5247.

Woodcock, L. V. (1971) Isothermal molecular
dynamics calculations for liquid salts. Chem.
Phys. Lett. 10, 275-261.

Zwanzig, R. W. (1954) High-Temperature
equation of state by a perturbtion method. I.
nonpolar gases. J. Chem. Phys. 22, 1420-
1426.

000. (2003) 00000000O0O0ODOODOO
godododooooo,ogog,ooa.

O000. (2001) D0D0O00O0OOOOOOO
000,000000, 104-105.

000, (1993) 000,000, 93.



